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Abstract 

Possible violation of CP, T and CPT symmetries in the K° — K° system is studied 
in a way as phenomenological and comprehensive as possible. For this purpose, we 
first introduce parameters which represent violation of these symmetries in mixing 
parameters and decay amplitudes in a convenient and well-defined way and, treating 
these parameters as small, derive formulas which relate them to the experimentally 
measured quantities. We then perform numerical analyses to derive constraints to 
these symmetry-violating parameters, with the latest data reported by KTeV Collab- 
oration, NA48 Collaboration and CPLEAR Collaboration, along with those compiled 
by Particle Data Group, used as inputs. The result obtained by CPLEAR Collabora- 
tion from an unconstrained fit to a time-dependent leptonic asymmetry, aided by the 
Bell-Steinberger relation, enables us to determine or constrain most of the parameters 
separately. It is shown among the other things that (1) CP and T symmetries are 
violated definitively at least at the level of 10~ 4 in 2tt decays, (2) CP and T symme- 
tries are violated at least at the level of 10~ 3 in the K° — K° mixing, and (3) CPT 
symmetry is at present tested to the level of 10~ 5 at the utmost. 
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1 Introduction 



Although, on the one hand, all experimental observations up to now are perfectly consistent 
with CPT symmetry, and, on the other hand, the standard quantum field theory implies 
that this symmetry should hold exactly, continued experimental, phenomenological and 
theoretical studies of this and related symmetries are warranted. In this connection, we 
like to recall, on the one hand, that CP symmetry is violated only at such a tiny level 
as 10 -3 [1,2], while CPT symmetry has been tested at best down to the level one order 
smaller [3] and, on the other hand, that some of the premises of the CPT theorem, e.g., 
locality, are being challenged by, e.g., the superstring model. 

In a series of papers [4-9], we studied possible violation of CP, T and CPT symmetries 
in the K° — K° system from a phenomenological point of view. The procedure of our 
studies went as follows. We first introduced parameters which represented violation of 
CP,T and CPT symmetries in mixing and decay of K° and K° in a convenient and well- 
defined way and related them to the experimentally measured quantities. We then carried 
out numerical analyses, with and without the aid of the Bell-Steinberger relation [10] 
and with the available data on 2tt, 3ir, 7r + 7r~7 and irlvi decays used as inputs, to derive 
constraints to these symmetry- violating parameters. Along with the data compiled by 
Particle Data Group [11], the new results on Re(e'/e) reported by KTeV Collaboration and 
NA48 Collaboration [12], as well as some of the results obtained by CPLEAR Collaboration 
[13-16], were taken into account. 

The present work is an updated, revised and integrated version of the previous works, 
which is new particularly in the following points: 

(1) In order to be as phenomenological and comprehensive as possible, along with 
the latest data reported by KTeV Collaboration [17] and by NA48 Collaboration [18] as 
well as those compiled by Particle Data Group [19], the result obtained by CPLEAR 
Collaboration from an unconstrained fit to a time-dependent leptonic asymmetry [20] is 
used as inputs in the numerical analyses. 

(2) Relevant decay amplitudes are parametrized with phase ambiguities taken into 
account in an explicit way, and, in Appendix, issues related to rephasing and to phase 
conventions are discussed in somw detail]] 

The paper is organized as follows. The theoretical framework used to describe the 
K° — K° system [23] is recapitulated in Sect. 2 and the experimentally measured quanti- 
ties related to CP violation in decay modes of interest to us are enumerated in Sect. 3. We 
then, in Sect. 4, parametrize the mixing parameters and decay amplitudes in a convenient 
and well-defined way and, on adopting a particular phase convention, give conditions im- 
posed by CP, T and/or CPT symmetries on these parameters. In Sect. 5, experimentally 
measured quantities are expressed in terms of the parameters defined, treating them as 
first order small. In Sect. 6, with the relevant data used as inputs, numerical analyses are 
carried out to evaluate or constrain CP, T and/or CPT violating parameters separately as 
far as possible. The results of the analyses are summarized and some concluding remarks 
are given in Sect. 7. In Appendix, issues related to rephasing, rephasing- (non)invariance 
and phase conventions are discussed. 



See also Refs.[21,22]. 
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2 The K° — K° mixing and the Bell-Steinberger relation 

Let \K°) and \K°) be eigenstates of the strong interaction with strangeness S = +1 and 
-1, related to each other by (CP), (CPT) and T operations as [4,21,22,24] 

(CP)\K®) = e^lK 5 ) , (CPT) \K®} = e^K 5 ) , 
(CP)\K°) = e- iaK \K°) , (CPT)\K°) = e^ K \K°) , (2.1) 
T\K°) = eWK-^lK ) , T\KQ) = e *^+««-)|^0) . 

Note here that, given the first two where ax and (3k are arbitrary real parameters, the 
rest follow from the assumptions (CP)T = T(CP) = (CPT), (CP) 2 = (CPT) 2 = 1, and 
anti-linearity of T and (CPT). When the weak interaction H w is switched on, the K° 
and K° states decay into other states, generically denoted as |n), and get mixed. The 
time evolution of the arbitrary state 

\*(t))=c 1 (t)\K 1 ) + c 2 (t)\K 2 ) , 

with 

\K{) = \K°) , \K 2 ) = \K*) , 
is described by a Schrodinger-like equation [23,25] 

i ||*) = A|*), 

or 

dt \ c 2 (t) )- A \c 2 (t) ) ■ {2 - 2) 

The operator or 2 x 2 matrix A may be written as 

A = M - iT/2 , (2.3) 

with M (mass matrix) and V (decay or width matrix) given, to the second order in H w , 
by 

Ma = (KilMlKj) 

= m K Sij + (Ki\ H w | Kj ) 

t {Ki\ H w \n)(n\H w \Kj) 
rriK - E n 

IL 

Tij = (KilTlKj) 

= 27T^2(K i \H w \n){n\H w \K j )S(m K - E n ) , 



rn „ — PL. \ ■ J 



(2.4b) 



where the operator P projects out the principal value. The two eigenstates of A and their 
respective eigenvalue may be written as 

\K S ) = 1 (ps\K )+ qs \K^)) , (2.5a) 

V\Ps\ + \Qs\ v ' 

^ = A I2 1 , i ,2 (pL\K°)-q L m) i (2.5b) 

v\pl\ + mr v ' 
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As = m s - i— , (2.6a) 
Xl = m L - i-^- . (2.6b) 

fns,L = R-e(A5 ; i) and js,l = — 2Im(As i z / ) are the mass and the total decay width of the 
Ks,l state respectively. By definition, 75 > 7^ or t$ < tl {ts,l = 1/js,l), and the suffices 
S and L stand for "short-lived" and "long-lived" respectively. The eigenvalues Xs,l and 
the ratios of the mixing parameters qs,L/ps,L are related to the elements of the mass- width 
matrix A as 

\ s ,l = ±E + {A 11 +A 22 )/2 , (2.7) 



qs,L/ps,L = Mi/[E ± (An - A 22 )/2] , 



(2.8) 



where 



E = [A 12 A 2 i + (An - A 22 ) 2 /4] 1/2 . 



(2.9) 



From the eigenvalue equation of A, one may readily derive the well-known Bell- 
Steinberger relation [10]: 



1S + 1L 



- i(m s - m L ) 



(K S \K L ) = (K S \T\K L ) , 



(2.10) 



where 



(K S \T\K L ) = 2tt Y,(Ks\H w \n)(n\H w \K L )5(m K - E n ) . (2.11) 



3 Decay modes 

The K° and K° (or K$ and Kl) states have many decay modes, among which we are 
interested in 2tt, 3tt, 7r + 7r _ 7 and semi-leptonic modes. 

3.1 2n modes 

The experimentally measured quantities related to CP violation are r/_| and 7700 defined 

by 



= I I = (7T+7T , outgoing I H w I K L ) 
V+ ~ |r?+ '' e " <7r+7r-,outgoing|# w |K s ) 



(3.1a) 



Defining 



_ 1 1 ifoo - (n°Tr°, outgoing H w K L ) 

Voo = \V00\e 900 = ~, q q — : — , , r • (3.1b) 

7r°7r°, outgoing \H W \K S ) 



_ ((2n) 2 \H w \K s ) 
U ((2n) \H w \K s ) ' (3 - 2) 
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where 1=1 or 2 stands for the isospin of the 2ir states, one gets 



v+- = - TT ^-. (3 ' 4a) 

r/oo = 1-2 ^ , (3-4b) 



where 



u/ = -L^to-^) , (3.5) 

5i being the S-wave hit scattering phase shift for the isospin I state at an energy of the 
rest mass of K°. oj is a measure of deviation from the AI = 1/2 rule, and may be inferred, 
e.g., from 

7S'(7r + 7r~) — 27s(7r°7r°) 



7s(7T+7T )+7s(7r°7T ) 

4Re(o/) - 2\uf 
1 + 2| W '|2 • 

Here and in the following, 7s ) l(w) denotes the partial width for -Ks 5 l to decay into the 
final state \n). 

3.2 3ir and 7r + 7r 7 modes 

The experimentally measured quantities are 

(7r + 7r~7r°, outgoing|g w | Jfg) 
??+ "°" (vr+7r-7rO,outgoing|F w |K L ) ' 

(ttVtt , outgoing) ff w | if 5 ) 
7/000 (7r°7r%°, outgoing] F W |^ L > ' 1 j 

_ (7r + 7r"7,outgoing|i7 w |i^ L ) 

?7-| — ™ — -; — r 1 TTT — 1 „ ; • v"'°J 

(7T+7T 7, outgoing |.tt w | As) 
We shall treat the 3ir (ir + ir~~f) states as purely CP-odd (CP-even). 

3.3 Semi-leptonic modes 

The final states of particular interest are = \ir~l + vn) and \£~) = \tt + £~V£), where 
I = e or [x, and the well measured time-independent asymmetry parameter related to CP 
violation is 

■A = IL^-I+Vj) -7l(tt + £~^) 
L 7l(vt-^)+7l(vt + ^) • 
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CPLEAR Collaboration [14-16] have furthermore defined and measured two kinds of time- 
dependent experimental asymmetry parameters A e ^ p (t) and A e s xp (t) which are related to 

d e (t) = \(l + \H w \K°(t))\ 2 -\(£-\H w \K°(t))\ 2 
lU |(^|^w|^ (t))| 2 + |^-|^w|^°(t))| 2 ' 

= |(M gw |F( t ))P-|(/^w|^M)P 

\(£-\H w \K°(t))F + \(£+\H w \K°(t))\2 

4 Parametrization and conditions imposed by CP, T and 
CPT symmetries 

We shall parametrize the ratios of the mixing parameters, qs/ps and qi/pL-, as 

Qs_ _ Jolk 1 - eg 
PS e 1 + £ 5 ' 

(4.1) 

QL _ „joK 1 — £L 

PL e 1 + e L ' 

and £s,l further as 

e S ,L = e±5 . (4.2) 

With the aid of Eqs.(2.1) and (2.8), one sees that CP, T and CPT symmetries impose 
such coditions on e and 5 as 

CP -> e = , 5 = 0; (4.3a) 
T -► e = ; (4.3b) 
CPT -► (5 = 0. (4.3c) 

Since CP violation is known to be very tiny (see below), one may treat e and 5 as small 
parameters. From Eqs.(2.7), (2.8) and (2.9), one then derive [4] 

Am ~ 2Re(Mi 2 e ia ^) , (4.4a) 
A 7 ~ 2Re{T 12 e iaK ) , (4.4b) 



£ ~ (Ai 2 e iajf - A 2 ie- iaif )/2AA , (4.5a) 
5 ~ (A n - A 22 )/2AA , (4.5b) 



from which it follows that [4,5] 



-2lm(M 12 e iaK ) 

£|| = Re eexp(-i^ sw ) - 7= =5 ■ == A9 , (4.6a) 

V(75 - 7l) 2 + 4(Am) 2 
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Im(Ti 2 e iaK ) 

e± = Im[e exp(-i<p,sw)} - ,„ „ /A : , (4.6b) 



5\\ = Rc[5 cxp(-i(f)sw)] - — -7= =s = =g , (4.7a) 



V(75 


- 7i )2 + 4(Am)2 




Til — T22 




-7i) 2 +4(Am) 2 




Mn - M 22 



•Jjl = Im[S exp(-icj)sw)] - 7= , (4.7b) 

\/(7s - 7l) 2 + 4(Am) 2 



where 



; — 2Am\ 

<W = tan" 1 — . (4.8b) 



Am = m s - m L , A7 = ~ 1l , AA = X s - \l , (4.8a) 

-2 At; 
A7 

is often called the superweak phase. 
Paying particular attention to the 2tt and semi-leptonic decay modes, we shall parametrize 
amplitudes for \K°) and \K°) to decay into \(2ir)j), 

Aj = <(27r)j|# w |£°> , (4.9a) 
Aj = {(2tt)!\H^\W) , (4.9b) 



as 



Aj = F I (l + e I )e i ^ I+e ' +aK ^ , (4.10a) 
~Aj = F T {1 - £l ytti-0i-*Km ? ( 410b ) 



and amplitudes for and to decay into or \l 



A e+ = (£ + \H w \K°) , (4.11a) 

A t - = (r\H w \K°) , (4.11b) 

A e+ = (l + \H w \K°) , (4.11c) 

A e - = (r\H w \K°) , (4.11d) 



as 



A €+ = Feil + eey^+Ot+^M , (4.12a) 

^_ = - ei)e i{ -^- e "- aK/2) , (4.12b) 

^+ = x e+ F e {l + ee)e i fa +e '-°"<M , (4.12c) 

= x* e _F t (l-e e )e i( -' t *- 0t+aK M . (4.12d) 

Here, F/ and i 7 ) are real and positive, £/, 0/, 0j, si, 4>e. and 6>£ are real, while xi + and 
are complex in general. x^ + and which measure violation of the AS* = AQ rule, will 
further be parametrized as 

x £+ = x { e +) + x[' ] , = - x { ~ ] . (4.13) 
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CP - 


-> £1 = 0, 


01 


= , e t -- 


= 




Im(x^) 


= , 


Re(x { - ] ) 


= 


T - 


-> 01 = 0, 










Im(x^) 


= , 


Im(xi ^) 


= 


CPT - 


-> ej = , 




= , 






Re(xJ _) ) 


= , 


Im(xj; ) 


= 



Note that we have defined our amplitude parameters Fj, ej, 6j, Fg, eg, <j>g, 9%, x £ + ^ and 
x^ ' , and our mixing parameters e and 8 as well, in such a way that they are all invariant 
with respect to rephasing of \K°) and \K°), 

\K°) -» \K°Y = \K°)e-^ K , \K°) -» = |K°)e^ , (4.14) 

in spite that ock itself is not invariant with respect to this rephasing [4,21,22] 

As will be shown explicitly in Appendix, one may convince himself that phase am- 
biguities associated with |(27r)/), \£ + ) and \£~) allow one, without loss of generality, to 
take 

fa = , <j>t = 0, 6g = , (4.15) 
and that CP, T and CPT symmetries impose such conditions as 



; (4.16a) 
; (4.16b) 
(4.16c) 

5 Formulas relevant for numerical analyses 

We shall adopt a phase convention which gives Eq.(4.15). Observed or expected smallness 
of violation of CP, T and CPT symmetries and of the AI = 1/2 and AQ = AS rules 
allows us to treat all our parameters, e, 6, ej, 9j, eg, x^\ x[ as well as to' as small, 
and, from Eqs.(3.2), (3.3), (3.4a,b), (3.6) and (3.9), one finds, to the leading order in these 
small parameters, 

u ~ F 2 /F , (5.1) 
77/ ~ e - 5 + ei + idj , (5.2) 



V+- - Vo + e' , (5.3a) 

f?oo - Vo- 2e' , (5.3b) 

r ~ 4Re(w') , (5.4) 

d{~2{Re(e-5)+e e -Re(x i f ) )) , (5.5) 



b In contrast, (3k is invariant with respect to the rephasing (4.14). 
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where 

e' = (m - mW ■ ( 5 - 6 ) 

The time-dependent asymmetry parameters d[(t) and d^{t), defined by Eqs.(3.10a,b), 
behave as 

4{t > t s ) *t 4Re(e) + 2{e e - Re(xJ~ ) )) , (5.7a) 

4(t > t s ) 4Re(5) - 2(e e - Re(xJ _) )) , (5.7b) 

while the experimental time-dependent asymmetry parameters A^ p (t) and Ag Xp (t) defined 
and measured by CPLEAR Collaboration [14-16,20] behave as 

A e T xp {t » ts) ~ 4(Re(e) +e e - Re(x^ ) )) , (5.8a) 

Af p {t > ts) ~ 8Re(<5) . (5.8b) 

From Eqs.(5.3a,b), it follows that 

Vo ~ (2/3)r ?+ _(l + (l/2)|77oo/r7 + _| e ^) , (5.9) 

and, treating |e'/%| as a small quantity, which is justifiable empirically (see below), one 
further obtains 

W^+- - 1 - 3^7% , (5.10) 

or 

Re(e'/ Vo ) ~ (l/6)(l-| %0 /r? + _| 2 ) , (5.11a) 

Im(e / / % ) ~ -(1/3)A0, (5.11b) 

where 

A0 = - 4>+- . (5.12) 

On the other hand, from Eqs.(3.5), (5.1), (5.2) and (5.6), e'/rjo may be related to £2 — £0 
and 62 — 0q: 

e'/ m = -iRe(c/)((e 2 - e ) + *(#2 - 0o))e _iA *7[M cos(<5 2 - So)] , (5.13) 

where 

Acj>' = - S 2 + d - ir/2 . (5.14) 
Also, from Eqs.(5.2) and (5.5), one may derive 

Re(r? ) - 4/2 = e -e e + Re(4 _) ) . (5.15) 
Furthermore, noting that 

(K s \K L )~2\Re(e)-Hm(S)] , 
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one may use the Bell-Steinberger relation, Eq.(2.10), to express Re(e) and Im(5) in terms of 
measured quantities. By taking 2ir, 37r, 7r + 7r~7 and iv£v£ intermediate states into account 
in Eq.(2.11) and making use of the fact 75 » jl, we derive 



Re(e) ~ 



x 



7| + 4(Am) 2 



75 (7T 7T )\rj-\ I COS 

7 5 (7r 7r°)|r/oo 



'+- - <t>sw) 

cos(^oo - 4>sw) 
+ 75(vr + 7r _ 7)|r? + _ 7 | cos((/> + _ 7 - (f>sw) 
+ 7 L (7r + vr"vr ){Re(r/ + _o) cos (f)sw ~ Im(r?+_ ) sin 4> sw } 
+ 7L(vr°7r 7r°){Re(77ooo) cos <f> S w - Im(7/ oo) sin^W} 

+ 2 ^2 1l(kIvh){ei cos - Im(x^ +) ) sin (f> S w} 
f 



(5.16) 



Im(<5) ~ 



j x 
+ 4(Am) 2 

- 7s(^ + OI^+-l sin (^+- - 

- 7s( 7r ° 7r °)l ? ?oo| sin(^oo - ^sw) 

- 75(7r + 7r~7)|?7 + _ 7 | sin(</> + _ 7 - 

+ 7L(7r + 7r~7r°){Re(?7 + _o) sin (p S w + Im(??+-o) cos <f>sw} 
+ 7 L (7r 7r 7r ){Re(r?ooo) sin (p S w + Im(??ooo) cos 4> S w} 
+ 2^2j L (Tr£v e ){e e siiKpsw + Im(x^ +) ) cos<j)sw} 



(5.17) 



If, however, one retains the contribution of the 2ir intermediate states alone, the Bell- 
Steinberger relation gives simply 



where 



Re(e) — Tm(<5) ~ |??o|e* A ^ cos^svf , 



A0" = 4> - <t>sw ■ 



(5.18) 



(5.19) 



Note that exactly the same equation as Eq.(5.18) can be derived from Eqs.(4.6b) and 
(4.7a). 



6 Evaluation of the symmetry-violating parameters 

The data used as inputs in the numerical analyses given below are tabulated in Table 1. 
Many of them are from Particle Data Group [19] and some are the new world averages 
reported by KTeV Collaboration [17] and NA48 Collaboration [18]. As for the values of 

rj-\ an d %oo> we use those obtained without recourse to CPT symmetry by CPLEAR 

Collaboration [13,16]. This Collaboration further succeeded, from an unconstrained fit 
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Table 1: Inputs 





Quantity 


Value 


Unit 


Ref. 






0.8959 ± 0.0004 


10 w s 


[17, 18] 




TL 


5.17 ± 0.04 


10 s s 


[19] 




—Am 


0.5284±0.0011 


10 lu ,s 1 


[17, 18] 


27T 


75(7T + 7T J/75 


68.60±0.27 


% 


[19] 




75(7r°7r°)/75 


qi /in4-n 07 


/o 


ri qi 

[19J 




So — 8n 


-42 ± 20 


o 








2.286 ±0.017 


10~ 3 


[19] 






43.4±0.7 


o 


[19] 




\voo/v+-\ 


0.99484 ± 0.00054 




[17, 18] 






0.22±0.45 


o 


[17, 18] 


7T + 7T~7 


75(7T + 7T-7)/75 


0.178 ± 0.005 


% 


[19] 




l»7+— yl 


2.35 ±0.07 


10~ 3 


[19] 




</>+_ 7 


44 ±4 


o 


[19] 




7L(7r + 7r~7r u )/7 L 


12.58 ±0.19 


% 


[19] 




7 L (7r°7r 7r°)/7L 


21.08 ±0.27 


% 


[19] 




Re(r/+_ ) 


-0.002 ± 0.008 




[13, 16] 




Im(»7+-o) 


-0.002 ± 0.009 




[13, 16] 




Re(?7ooo) 


0.08 ±0.11 




[13, 16] 




Im(r?ooo) 


0.07 ±0.16 




[13, 16] 


■kIv 


4 


3.31±0.06 


10~ 3 


[17, 18] 




E^7l(tt^)/7l 


65.97 ±0.30 


% 


[19] 




Re(<5) 


3.0 ±3.4 


10~ 4 


[20] 




Re(x^ } ) 


0.2±1.3 


10~ 2 


[20] 




Im(4 +) ) 


1.2 ±2.2 


io- 2 


[20] 
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to the experimental time-dependent asymmetry A^ xp (t) they defined and measured, in 
determining Im(<5), Re(<5), Im(x^) and Re(x^ ^) simultaneously [15,20]: 



Im(<5) = (-1.5 ±2.3) x 10" 2 , (6.1a) 

Re(«5) = ( 3.0 ± 3.4) x 10" 4 , (6.1b) 

Im(xJ +) ) = (1.2 ±2.2) x 10~ 2 , (6.1c) 

Re(xJ _) ) = (0.2 ± 1.3) x 10~ 2 . (6.1d) 



We shall include Eqs.(6.1b,c,d) in our list of the input data. As for the value of 62 — 6q, we 
shall use the value obtained by Chell and Olsson [26], with the error extended arbitrarily 
by a factor of five to take account of its possible uncertainty [27]. 
Our analysis consists of three steps: 

The first step. We use Eq.(4.8b) to find (fisw from Am and 7s, use Eqs.(3.6) and 
(5.4) to find Re (a/) from r )s{' K+ ' K ^)/lS and 7s(7r vr )/7s, and further use Eqs.(5.11a,b) 

and (5.9) to find Re(e / /'7o)) ^ m (^'/ r ]o), \vo\ an d 4>o from [r/oo/^H I, |r/_| | and 

These results are shown as the intermediate outputs in Table 2. 

The second step. The values of 770, s' /i]o, <ftsw and Re(u/) obtained, supplemented with 
the value of 62 — 60, are used as inputs to find 62 — 0o and £2 — £0 with the help of Eqs.(5.13) 
and (5.14). The value of Re(r?o) is combined with that of d l L to find £0 — £g + Re(xj, ^) 
with the aid of Eq.(5.15). The value of Re(<5) is combined with the value of Re(r/o) 
to find Re(e) ± £0 with the aid of Eq.(5.2) and combined with the value of d L to find 
Re(e) + Ei — Re(xj, ') with the aid of Eq.(5.5). These results are shown in Table 3. 

The third step Eqs. (5.5) and (5.16) are solved, with d e L , Re(<5), Re(x^ ^) and Im(a^ ) 
regarded as known, to find Re(e) and Eg, and Eq.(5.17) is then used to find Im(<5). Finally, 
the values of Re(e), Re(5) and Im(5) are combined with the value of 770 to determine or 
constrain £0 and Im(e) + #0 with the help of Eq.(5.2). These results are also shown in 
Table 3. 

In relation to the third step of our analysis, which relies on the use of the Bell- 
Steinberger relation, Eqs. (5. 16) and (5.17), a couple of remarks are in order: 

(1) The large uncertainty associated with Eg comes primarily from that of Re(x^ '), 
while, thanks to the fact that 2tt decay modes dominate over all the other decay modes, 
the large uncertainty associated with Re(a?i ) as well as Im(x^) has little influence on 
determination of Re(e) and Im(£). 

(2) To see how much the decay modes other than 2ir modes contribute, we perform a 
similar analysis with the aid of the simplified version (i.e., 2ir dominance version) of the 
Bell-Steinberger relation, Eq.(5.18), to obtain the result shown in Table 4. 

(3) If one is not willing to rely on the Bell-Steinberger relation at all, one will not 
be able to constrain Re(e), £0 and eg separately and hence will not be able to establish 
Re(e) 7^ 0.0 One may, instead, use the CPLEAR result on Im(<5), Eq.(6.1a), as one of the 

c From measurement of the other experimental time-dependent asymmetry parameter A^ v (t), CPLEAR 
Collaboration found [14,20] 

Re(e) = (1.55 ± 0.43) x 10" 3 , (6.2a) 
Im(a4 +) ) = (1.2 ±2.1 ) x 10~ 3 . (6.2b) 

However, since the value of Re(e) shown here is determined predominantly by the asymptotic value of 
A^ p (t) under the assumption of CPT symmetry (spesifically, £e = and Re(a;^~') =0), it seems that the 
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Table 2: Intermediate outputs 



Quantity 


Result 


Unit 


4>sw 


43.48 ± 0.06 


o 


Re(uj') 


1.450 ±0.151 


10- 2 


Re{e'/ m ) 


1.72 ±0.18 


10~ 3 


Im(e'/%) 


-1.28 ± 2.62 


10~ 3 


M 


2.282 ±0.017 


10" 3 


00 


43.47 ±0.96 


o 



Table 3: Constraints (in unit of 10 3 ) to CP, T and/or CPT- violating parameters . 



Quantity 


Result 


62 — 0q 


0.189 ±0.091 


£2 — £o 


0.165 ±0.317 


£ -£i + Re(x^ ) ) 


0.001 ± 0.042 


Re(e) + e 


1.956 ±0.344 


Re(e) +£e- Re(x^ ) ) 


1.955 ±0.341 


Re(e) 


1.652 ± 0.048 


Im(<5) 


0.045 ± 0.050 


£ t - Reix^) 


0.310 ± 0.344 


£e 


2.303 ± 13.005 


£o 


0.304 ± 0.345 


Im(e) + e Q 


1.615 ±0.059 



inputs to derive 

Im(e) + 9 = (-1.34 ± 2.30) x 10" 2 . (6.4) 

7 Summary and concluding remarks 

In order to identify or search for possible violation of CP, T and CPT symmetries in the 
K° — K° system, parametrizing the mixing parameters and the relevant decay amplitudes 
in a convenient and well-defined way, we have, with the relevant experimental data used 
as inputs and partly with the aid of the Bell-Steinberger relation, performed numerical 
analyses to determine or constrain the symmetry-violating parameters separately as far 
as possible. 

result (6.2a) is better to be interpreted as giving (see Eq.(5.8a)) 

Re(e) + Et - Re(a;^ ) ) = (1-55 ± 0.43) x 1(T 3 , (6.3) 

and therefore that Re(e) remains unconstrained. In our previous analyses [9], we have accepted the 
assumption Re(x^) — and used Eqs.(6.2b) and (6.3) as a part of our inputs. 
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Table 4: Constraints (in unit of 10 3 ) to CP, T and/or CPT- violating parameters ob- 
tained with the aid of the simplified version of the Bell-Steinberger relation (5.18). 



Quantity 


Result 


Re(e) 


1.656 ±0.012 


Im(<5) 


0.0003 ± 0.028 


e e - Re(x^~- ) ) 


0.299 ± 0.342 


£e 


2.300 ± 13.004 


£o 


0.300 ± 0.341 


Im(e) + 6 


1.570 ±0.012 



Table 5: Comparison of our results with the CPLEAR result obtained with the Bell- 
Steinberger relation taken as a constraint (The values underlined are inputs; all in unit of 

io- 3 ). 





Our result 


Our result 


CPLEAR 






2tt dominance 


Ref. [16] 


Re(<5) 


0.30 ± 0.34 


0.30 ± 0.34 


0.24 ±0.28 


Im(x{ +) ) 


12 ±22 




-2.0 ±2.7 


Re(4^) 


2 ±13 


2 ±13 


-0.5 ±3.0 


Re(e) 


1.652 ±0.048 


1.656 ±0.012 


1.649 ±0.025 


Im(<5) 


0.045 ± 0.050 


0.0003 ± 0.028 


0.024 ± 0.050 


e e - Re(x^ ) ) 


0.310 ±0.344 


0.299 ± 0.342 


0.2 ±0.3 




2.303 ± 13.005 


2.300 ± 13.004 


-0.3 ±3.1 
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The numerical outputs of our analyses are shown in Table 2, Table 3 and Table 4 (see 
also Table 5), and the main results may be summarized as follows: 

(1) The 2vr data directly give 9 2 - 9 = (1.89 ± 0.91) x 1(T 4 and e 2 - e = (1.65 ± 
3.17) x 10 -4 , where possible large uncertainty associated with 5 2 — <5o has been fully taken 
into account. These results indicate that CP and T symmetries are definitively violated 
at least at the level of 10 -4 , while CPT symmetry holds presumably down to the same 
level, in decay of K° and K° into 27r states. 

(2) The well- measured leptonic asymmetry d L , combined with the 2ir data, gives eo — 
e* + Re(a^ -) ) = (0.1 ±4.2) x lO" 5 , which is a tight constraint to a particular combination 
of the direct CP and CPT violating parameters. 

(3) The data on 2ir modes and on d L , combined with the CPLEAR value of Re(<5), 

giveRe(e) + e = (1.956±0.344) x 10~ 3 and Re(e) +e t -Re(x^ } ) = (1.955 ±0.341) x 10~ 3 
respectively, which implies that CP and T symmetries are violated at the level of 10~ 3 in 
the K° — K° mixing and/or that CP and CPT symmetries are violated at the same level 
in 2ir and n£vt decays. 

(4) The use of the CPLEAR results on Re(<5), Re(x^ ^) and Im(x^) as a part of the 
inputs, aided by the Bell-Steinberger relation, enables one to determine or constrain many 
of the remaining symmetry-violating parameters separately. Remarkably, Re(e) and Im(<5) 
turn out to be rather well determined or constrained: Re(e) = (1.652 ± 0.048) x 10~ 3 , 
Im(<5) = (4.5 ± 5.0) x 10 -5 . The former (latter) indicates that CP and T symmetries are 
violated at the level of 10~ 3 (CPT symmetry holds nearly down to the level of 10 -5 ) in 
mixing of K° and K°. 

(5) The results mentioned in (4) above in turn give eo = (3.04 ± 3.45) x 10 -4 and 
Im(e) + #o = (1-615 ± 0.059) x 10 -3 . The latter implies that CP and T symmetries are 
violated definitively at least at the level of 10~ 3 in the K° — K° mixing and/or in 2tt 
decays .0 

In the present work, in order to be as phenomenological and comprehensive as possible, 
we have chosen Eqs.(6.1b,c,d), those CPLEAR results which were obtained without any 
constraint, as a part of our inputs |] As a result, some of our outputs necessarily carry 
rather large uncertainty which stems directly from the large uncertainty associated with 
some of the input data. It is expected that experiments at the facilities such as DA<£NE, 
Frascati, will be providing data with such precision and quality that a more precise and 
thorough test of CP, T and CPT symmetries, and a meaningful test of the Bell-Steinberger 
relation itself as well, become possible. 



d Without the aid of Bell-Steinberger relation, Im(e) + Oo remains ill-constrained (see Eq.(6.4)). Note 
also that we are not able to separate do from Im(e) (see Remarks (4) and (5) in Appendix for related 
discussion). 

e In addition to the analyses leading to the results shown in Eqs.(6.1a,b,c,d) and in Eqs.(6.2a,b), 
CPLEAR Collaboration [16] further carried out a simultaneous fit to both A^ v (t) and Ag Xp (t), with 
the Bell-Steinberger relation taken as a constraint, and succeeded in determining Re(e), Im(<5), Re(<5), 
Im(a;^ + '), Ke(x < e ~" > ) and Re(ef) simultaneously. These results, also shown in Table 5 for comparison, are 
reasonably consistent with our results. 
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A Appendix 

Denoting final states into which \K°) and \K°) decay generically as |n), we consider the 
decay amplitudes 

A n = {n\H w \K°) = \A n \e 1 ^ , (A.la) 
An = (n\H w \K°) = \An\e^ , (A.lb) 

where \n) is, by definition, related to |re) by 

CP\n) = e ian \n) , CPT\n) = e i(3n \n) , (A.2a) 

CP\n) = e - ian \n) , CPT\n) = e i/3n \n) . (A.2b) 

With the aid of Eqs.(2.1) and (A.2a,b), one readily verifies that CP, T and CPT symme- 
tries impose on the decay amplitudes A n and An such conditions as^j 

CP -> An = A n e- i{aK ~ an) ; (A.3a) 

T —i A* — A e i{fiK-fin-OLK+ClTi) 

± ' -ri-n — ^raC > 

% = -A^K-H^K-^) . ( A _ 3b ) 

CPT T- = i n e i ^-W, (A.3c) 

or 

CP > \A n \ = | | , 

ip n - ipn + «« - Oif = ; (A.4a) 

T -> 2^ n + Oi n - Pn ~ OL K + (3 K = , 

an - Pn + aiK + p K = ; (A.4b) 
CPT > |A n | = |A.jj| , 

^ n + - /3n + Pk = • (A.4c) 

It is important to note that all these relations are invariant not only with respect to 
rephasing of \K°) and \K°), Eq.(4.14), but also with respect to rephasing of the final 
states, 

\n) — > \n)' = e~^ n \n) , \n) — ► \n)' = e~^"\n) , (A. 5) 

in spite that the phase parameters a n , p n , ij) n and ip^ themselves are in general not 
invariant individually with respect to this rephasing. In fact, defining 

CP\K°Y = e ia 'K\KV)' , CPT\K°Y = e^lWy , (A.6a) 
CP\n)' = e ia '"\ny , CPT\n)' = e^n)' , (A.6b) 

f (n\H v \K }' = A' n = \An\e^ , f (n\H w \K°y =%= \An\^ , (A.6c) 



one finds 



a' K = a K - 2£ K , K = p K , (A.7a) 

«n = a« - Cn + £n , P' n = Pn + £ n + &T , (A.7b) 
V'n = V'n + Cn - C-ftT , V4 = tPn ~ &T ~ £,K , (A.7c) 



f It is understood that final state interactions may be neglected or have already been factored out. 
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from which it follows that 

2tp' n +a' n - f3' n - a' K + (5' K = 2tp n + a n - (3 n - a K + Pk , (A.8a) 
2% -a' n -j3' n + a' K + (3' K = 2^ - a n - p n + a K + p K , (A.8b) 

~ Ip'n + a 'n ~ a K = i>n ~ i>n + a n ~ 0-K , (A.8c) 
ifi+^-P^ + PjC = i>n+^n- Pn + PR ■ (A.8d) 

As |n), we are interested in \(2ir)j), \£ + ) and |^~),[|and, in Sect. 4, we have parametrized 
the relevant amplitudes in a specific way, for which the conditions imposed by CP, T and 
CPT symmetries, Eqs.(A.4a,b,c), read 

CP -> ei = , Oi = , 

q = , 20* + on = ; (A.9a) 
T 0/ = O, 20 J -/3 / + /fc = O , 

20* + a* = , 2& - ft + = ; (A.9b) 
CPT -> e 7 = 0, 2</>i-pi + K = O, 

e t = 0, 20* - p t + fa = . (A.9c) 

Note that all these constraints are independent of ax and that the parameters £/, 07 and 
£* are each constrained to have a unique value, while the other parameters 0j, 0^ and 0* 
are not. These three are just those phase parameters which are not invariant with respect 
to rephasing of the final states, Eq.(A.5), and accordingly may be transformed away by 
a rephasing. In fact, it is not difficult to see that freedom associated with choice of £7, 
+ and — £*_ allows one, without loss of generality, to take 

<Pi = o, <f> e = o, e e = o, (a.io) 

respectively. 

A couple of remarks are in order. 

(1) Freedom associated with choice of £j, ^e++S,e~ an d £*+— Ci— allows one alternatively 
to take 

Pi = Pk , Pi = Pk , a e = , (A.ll) 

respectively. With this choice, one would, in addition to Eqs.(4.16a,b,c), have 

CP -» 9 e = 0; (A.12a) 
T 7 = , 0< = , 0* = ; (A.12b) 
CPT -» 07 = , 0£ = . (A.12c) 

We prefer not to make this choice, since it would camouflage the fact that 07, 4>i and 9e 
are actually unmeasurable. 

(2) In Refs.[8,9], parametrizing Aj, Aj, A^ + and as 

A 7 = F 7 (l +£7)e iax/2 , (A.13a) 
Aj = F7(l-e/)e" iQK/2 , (A.13b) 
^+ = Ft(l + ee)e iai< / 2 , (A.13c) 
Ai- = F* (1 - e £ )e- ia ^ 2 , (A.13d) 

s It is understood that |n) = |n), a n = and f« = £„ for |n) = |(27r)j). 
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with Fj, ei, F( and Ei all understood to be complex in general and with ej and £i presup- 
posed to be small, we adopt a phase convention which gives 

1m(F T ) = , lm(F e ) = , Jm(e t ) = , (A. 14) 

so as to have 

CP -> Re(e/) = , Im(e/) = , Re(^) = ; (A.15a) 

T -> Im(e/) = ; (A.15b) 

CPT -> Re(e/) = , Re(e € ) = . (A.15c) 

Eq.(A.14) and Eqs.(A.15a,b,c) correspond to Eq.(4.15) and Eqs.(4.16a,b,c) respectively^] 
We have preferred in this work to start with the parametrizations (4.10a,b) and (4.12a,b,c,d) 
so as to emphasize that all the phase parameters, cj) n and 9 n as well as a^, @Ki a n an d 
(3 n , are completely arbitrary (i.e., not necessarily small) in general and it is rephasing- 
noninvariant phase parameters which may be transformed away by a rephasing. 
(3) If, following Refs. [28,29], one parametrizes Ai + and as 

A g+ = f e (l - y t ) , (A.17a) 
A e _ = + , (A.17b) 

with both fi and yi understood to be complex in general, one would, corresponding to 
Eqs.(A.9a,b,c), have 

CP -> Re(y e ) = , 2Im(/^)/Re(/ £ ) + a e - a K = ; (A.18a) 
T -> 2Im(/f)/Re(^) + a e - a K = , 

2Im(y e ) - fa + (3 K = ; (A. 18b) 

CPT -> Re(^) = 0, 2Jm(y e ) - fa + f3 K = . (A.18c) 

This parametrization and our previous parametrization (A.13c,d), though distinct from 
each other in that the latter (the former) is invariant (not invariant) under rephasing of 
| AT ) and \K°), Eq.(4.14), are similar to each other in that both are not invariant under 
rephasing of \£ + ) and Eq.(A.5). Specifically, both Im(y^) and Im(/f) (like Im(i^) 

and Im(e^)) are not invariant under the rephasing (A. 5) and hence may be transformed 
away, leaving Re(y^) (like Re(e^)) as the only physical parameter characterizing CP and 
CPT violations .[] 

If one adopts an alternative phase convention which gives (A. 11), one will have Eqs.(A.15a,b,c) and, 
in addition, 

CP Jm(e t ) = ; (A.16a) 

T Im(F/) = , lm(Fi) = , hn(e t ) = ; (A.16b) 

CPT -> Im(Ff ) = , lm{F e ) = . (A.16c) 



'The authors of Refs. [28,29] claimed that CP and CPT symmetries impose such conditions on ft and 

Vt as 

CP -> Im(f e ) = , Re{y e ) = ; (A. 19a) 

CPT -» Re(y e ) = , lm{y t ) = , (A.19b) 

and argued that Im(^) does not appear, to first order, so that ye may be treated as real in their discussion. 
What we have argued here is, in contrast, that CP — » lm(fe) — and CPT — > Im(ye) = follow only 
if one adopts such phase convention as at = oik and /3e = /3k and that both Im(/^) and Im(yf ) are to be 
regarded as parameters not measurable in principle. 
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(4) The parameters e and 5 which characterize the K° — K° mixing is often referred 
to as indirect symmetry-violating parameters while those parameters which characterize 
decay amplitudes are often referred to as direct symmetry- violating parameters. As is 
emphasized in [21], classification of symmetry- violating parameters into "direct" and "in- 
direct" ones makes sense only when they are defined in such a way that they are invariant 
under rephasing of \K°) and | A ), Eq.(4.14).[] This is the reason why we have been adhered 
to invariance under this rephasing. 

(5) It is legitimate to parametrize qs/ps, Ql/pl, Ai and Ai in a way not invariant under 
the rephasing (4.14) and at the same time adopt some phase convention. For examples, 



qs _ l 



Ps l + e + 6 

<LL = l-e + 5 
PL l + e -6 



(A.20) 



in place of Eqs.(4.1) and (4.2), 



Ai = F / (l + e / )e i ^ +9 ^ , (A.21a) 
1j = Fj(l - ery^ 1 - 6 ^ , (A.21b) 



in place of Eqs.(4.10a,b), and 



Ai = Fj(l + ej) , (A.22a) 
Ai = Fi{l-ei) , (A.22b) 



in place of Eqs.(A.13a,b). Im(e) and Oi (or Im(ej)) then become noninvariant with respect 
to the rephasing (4.14). One may readily convince himself that freedom associated with 
choice of £x allows one, without loss of generality, to take either Im(e) = or, say, 9q = 
(or Im(eo) = 0). The latter is a phase convention corresponding to the one originally 
adopted by Wu and Yang [2], while the former is a phase convention once adopted by 
Wolfenstein [30]. Note that, although freedom associated with choice of also allows 
one, without loss of generality, to take ax = 0, which is a phase convention widely 
(sometimes implicitly, though) adopted in the literature, these three phase conventions 
are not compatible with one another, as has been emphasized before [21,24]. 
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